We construct Higgs Effective Field Theory (HEFT) based on the scalar manifold H n , which is a hyperbolic space of constant negative curvature. The Lagrangian has a non-compact O (n, 1) global symmetry group, but it gives a unitary theory as long as only a compact subgroup of the global symmetry is gauged. Whether the HEFT manifold has positive or negative curvature can be tested by measuring the S-parameter, and the cross sections for longitudinal gauge boson and Higgs boson scattering, since the curvature (including its sign) determines deviations from Standard Model values.
Introduction
The recently discovered neutral scalar particle with a mass of ∼ 125 GeV has led to renewed interest in models of electroweak symmetry breaking. The Standard Model (SM) is one such theory, where the electroweak symmetry is broken by a complex scalar doublet H that transforms linearly as 2 1/2 under the SU(2) L × U (1) Y gauge symmetry. Generalizations of the SM include the Standard Model Effective Field Theory (SMEFT), which is the SM plus higher dimension operators, and Higgs Effective Field Theory (HEFT) [1, 2] , which contains the three "eaten" Goldstone boson degrees of freedom of the SM in a chiral field ξ(x), and an additional neutral scalar degree of freedom h(x). The geometry of the scalar manifold M is an interesting object that can be studied experimentally, as discussed in Ref. [3] . In the SM, the scalar manifold M is flat. Deviations from the SM cross section for Higgs boson and longitudinal W ± , Z gauge boson scattering are proportional to the curvature. In particular, the sign of the deviation depends on whether the curvature of M is positive or negative. In composite Higgs models [4] , the Higgs field is a pseudo-Goldstone boson generated by the symmetry breaking G → H of a compact group G, and the scalar manifold is M = G/H which has positive curvature. HEFT is more general, and can accommodate manifolds with any curvature. In this paper, we give a simple example of a sigma model where M has negative curvature, based on the hyperbolic space H n . Non-compact cosets Goldstone bosons eaten by the Higgs mechanism. There is one (or more) additional scalar field direction h, often referred to as the radial direction.
The SM and SMEFT are special cases of HEFT, as can be seen by using the exponential parameterization
The surface spanned by the angular coordinates π is the threesphere S 3 of radius v,
which is the vacuum manifold of the SM. The radius of the sphere, v ∼ 246 GeV, is fixed by the gauge boson masses.
The manifold structure of HEFT, assuming custodial symmetry, contains the coset space 
where n is a four-dimensional unit vector, n ∈ S 3 , gives the scalar
The HEFT kinetic term is the generalization of Eq. (5),
where F (h) is an arbitrary radial function. The HEFT radial function satisfies
since the radius of S 3 is fixed to be v. In the SM, the radial function is
In this paper, we assume that the scale f of new physics is larger than the electroweak scale v, so that the HEFT Lagrangian has a derivative expansion. The power counting for HEFT is discussed in Ref. [9] . The leading interactions in HEFT are the twoderivative terms which comprise the scalar kinetic energy in Eq. (6) . Their form depends on the details of the HEFT. For example, in HEFT based on the G/H coset, they depend on the structure constants of G and H. [10] . This example is the simplest composite Higgs model incorporating custodial SU(2) symmetry. The presentation of this model introduces the notation and formalism we will use, which carries over to the negative curvature case with only a few crucial sign changes.
Consider a five-dimensional scalar field φ which lives on a flat scalar manifold M ∼ R 5 which has an O (5) symmetry. The O (5)
with 1 ≤ a < b ≤ 5, so that 
The theory has a potential V (φ · φ) with a minimum at φ · φ = f 2 .
The vacuum manifold of the theory is the sphere S 4 of radius f , as shown in Fig. 2 . The choice of vacuum expectation value 
The
which is generated by
where
which will be used to construct the gauge covariant derivative.
A general point of M in the Northern hemisphere can be pa-
where n is a four-dimensional unit vector, which transforms linearly as the four-dimensional representation under the unbroken O (4) symmetry. χ and n together have four degrees of freedom.
An alternate square-root parameterization is also useful,
where ϕ has 4 components. The kinetic term of the composite
Higgs theory is 
up to terms of dimension six. The Lagrangian Eq. (17) has four scalar degrees of freedom. The angular part n has the three (eaten) Goldstone boson degrees of freedom, and the radial part χ has one degree of freedom. Both n and ϕ transform as the fundamental of O (4) , and the group transformation law preserves the constraint n ·n = 1. In the gauged case, one replaces ∂ μ n and ∂ μ ϕ by
where the gauge generators are given in Eq. (14) . Note that χ is a gauge singlet, so D μ χ = ∂ μ χ . 
the Ricci tensor is
where N ϕ = 4 is the dimension of M, and the scalar curvature is
Comparing Eq. (17) with Eq. (6), we see that
and Eq. (7) gives
so that
In the limit f → ∞, 
which generates the inclusion 
and the embedded surface M given by
Choosing the branch φ 5 > 0 gives the four dimensional hyperbolic space H 
and the scalar kinetic energy term is Fig. 4 . Graphs contributing to the ϕϕ forward scattering amplitude, whose imaginary part gives the ϕϕ → ϕϕ total cross section.
where N ϕ = 4. The radial function is The vertices for H n are given by those for S n multiplied by (−1) (F −2)/2 , and using the counting rule for a graph (see e.g.
Ref.
[9]), 
which breaks the non-compact O (4, 1) group down to the compact subgroup O (4). Again, this should be familiar from the Lorentz group, where Eq. (41) is analogous to the momentum vector of a particle at rest, which breaks the boost generators but leaves the rotations unbroken.
We can now gauge some subgroup of the full symmetry group O (4, 1). At this stage, the non-compact nature of the symmetry group becomes important. The gauge kinetic term is
where B ab is proportional to the Killing form. For a compact Lie group, one can pick B ab = δ ab . However, for a non-compact group, the Killing form has some negative eigenvalues. In our example, 
which generates the inclusion
We can thus construct a HEFT where M has negative curvature, by gauging a SU(2) × U (1) subgroup of O (4) . The SM gauge symmetry is unbroken at the scale f . As in the compact O (5) model of the previous section, one then needs to construct a vacuum misalignment mechanism where the HEFT field ϕ = f sinh χ n develops a VEV v, which breaks the SM gauge group. The unbroken symmetry group of the misaligned vacuum is a boosted version of O (4) , and is also compact. non-negative for all theories based on a compact group G. For the negatively curved space considered here, r 4 and r 2h are negative, and the interference is constructive.
Measuring deviations from the SM is a way of probing composite models, and gives direct information on the curvature of M.
Experimental measurements based on perturbation theory calculations only probe the manifold in a neighbourhood of the vacuum (the black dot in Figs. 1-3 ). Since the S-matrix only depends on coordinate invariant properties of the manifold, the leading quantity which can be measured is the local curvature which is proportional to 1/ f 2 , where f is the new physics scale. Higher order corrections can depend on curvature gradients or higher powers of the curvature, and are suppressed by additional powers of 1/ f .
Vacuum misalignment
The HEFT sigma models as described so far have exact 
Conclusions
We have given a simple example of a sigma model with negative curvature based on a hyperbolic space. Deviations in the Higgs boson and longitudinal gauge boson scattering cross sections from their Standard Model values depend on the curvature, and have opposite sign from the usual G/H case of positive curvature. Thus, one can directly measure the curvature of the HEFT scalar space experimentally. G/H sigma models typically arise from breaking a compact flavor symmetry group G in a strongly interacting theory. In this case G/H has non-negative sectional curvatures, so that r 4 ≥ 0 and r 2h ≥ 0. A detailed scenario that produces an example like the type discussed here requires the dynamics to produce a low-energy theory with a hyperbolic, rather than elliptic constraint. This scenario could occur in theories where the scalar manifold is complexified, as happens in supersymmetric theories. It would be interesting to study negatively curved sigma models in more detail to investigate unitarity and vacuum misalignment further. is an invariant. The rest of the top-quark calculation proceeds as in Refs. [10, 12] .
